We expand on the recent derivation of 3d dualities using bosonization. We present in some detail a general class of Abelian duals.
Introduction
In two spatial dimensions, flux attachment provides a simple way to transmute the quantum statistics of particles [1] . This is typically achieved by coupling particles to an emergent gauge field whose dynamics is governed by a Chern-Simons term [2] .
The original formulation of flux attachment involved non-relativistic matter. Extending this to relativistic matter is no small step. The presence of anti-particles means that we can no longer describe the physics in terms of the quantum mechanics of a finite number of degrees of freedom. Instead, the transmutation of quantum statistics becomes a much stronger statement about the dynamics of quantum field theory and is usually referred to as a bosonization duality.
Proposals for bosonization dualities were suggested long ago [3, 4] . However, it took some time before precise statements of these dualities were made [5, 6] . These developments were informed, in part, by the progress in understanding non-Abelian bosonization dualities and their relation to higher spin theories [7] [8] [9] .
Here we restrict our attention to the Abelian case. One such bosonization duality can be schematically stated as free fermion ←→ U (1) 1 coupled to a boson, (1.1) where U (1) k means that the boson is coupled to a U (1) gauge field with Chern-Simons level k. Another form of the bosonization duality reads boson ←→ U (1) −1/2 coupled to a fermion.
(1.
2)
The precise, path integral description of the dualities, as reviewed in Section 2, require the inclusion of self-interactions for the scalars, together with couplings to background gauge fields.
It was recently shown that one could use either of the dualities (1.1) or (1.2) as starting point to derive a web of further dualities [10, 11] . This is achieved by manipulating the path integrals using techniques previously developed in [12] in the context of supersymmetric theories where background sources -in particular, background gauge fields -are promoted to dynamical fields. (See also [13] .) Application of this method gives a derivation of a number of other dualities including the familiar particle-vortex duality for bosons [14] [15] [16] and the more recently discovered version for fermions [17] [18] [19] [20] . Further papers exploring aspects of particle-vortex duality and bosonization include [21] [22] [23] [24] [25] [26] .
The purpose of the current paper is use these same techniques to derive a general class of Abelian dualities 1 , involving multiple gauge groups and multiple matter fields. The pattern of dualities that emerges looks very similar to the dual theories one finds in supersymmetric gauge theories, where these dualties are known as "mirror symmetry" [28] . Nonetheless, there are a number of subtleties in the construction of these general Abelian dualities, and it is instructive to spell them out explicitly.
In Section 2, we review the underlying bosonization duality and some of its properties, including the emergent time-reversal invariance and the important role played by the scalar self-interactions. The next two sections then describe classes Abelian duals that can be derived from the basic bosonization duality, either without (Section 3) of with (Section 4) invoking the hidden time-reversal invariance.
A Review of Abelian Bosonization
Prior to constructing general Abelian dualities, we will first review the precise statement of the basic bosonization dualities, (1.1) and (1.2). The notation established in this section will serve as a template for the more general cases to follow.
Roughly stated, bosonization relates the partition functions for a theory of bosons and a theory of fermions. We start with a complex scalar φ with quartic self-interactions, which flows to the Wilson-Fisher fixed point. Coupling φ to a background gauge field A, the action takes the form
We flow to the infra-red by sending α → ∞ and tuning the mass to zero in order to hit the critical point. The partition function for the scalar field is then defined to be
The action for a free, massless fermion is given by 2) and correspondingly, the partition function
This is more subtle to define because this partition function is not gauge invariant. To remedy this, the fermionic partition function should be accompanied by a Chern-Simons term with half-integer level 2 , where the Chern-Simons action is defined by
3)
The final ingredient that we will need is an interaction between two different gauge fields. This is achieved through a BF-coupling of the form
Both S CS and S BF are normalised such that the e ikS CS/BF is gauge invariant when k ∈ Z. It will prove notationally useful to also define the coupling
While this differs from S BF only by a factor of 2, its utility comes from the fact that we will often be dealing with many gauge fields with couplings κ ab S CS [A a ; A b ]; this notation allows us to avoid splitting these into diagonal S CS [A] terms and off-diagonal S BF terms.
The Simplest Bosonization Dualities
We are now in a position to better describe the 'seed duality', heuristically (1.1), from which others can be derived. Written as an equality between partition functions, it becomes 6) where A is a background gauge field while a is a dynamical gauge field.
2 Our notation follows that of [10] , where we explicitly denote the half-integer Chern-Simons terms. This differs from [11] where the fermionic determinant is defined with an implicit Chern-Simons term at level 1/2.
The equality of partition functions (2.6) should be interpreted as agreement between the two theories in the infra-red. There is no Maxwell term 1 4e 2 (da) 2 for the dynamical gauge field because the infra-red limit involves e 2 → ∞ (while remaining smaller than any UV cut-off).
To get a flavour of the kind of manipulations that we will perform in this paper, we will now explain how to derive the duality (1.2) starting from (2.6). The basic idea is to promote the background gauge field A to a new, dynamical gauge field which we denote asã. We introduce a new background field, C, which couples through S BF [ã, C]. The equality of partition functions then becomes
On the right-hand-side, we can integrate outã. This means that we replace it by its equation of motion, da = dC, which, in turn, freezes the other dynamical gauge field. The upshot is that this duality becomes
This is the more precise statement of the duality (1.2); it relates the Wilson-Fisher boson on the right-hand-side to a fermionic Chern-Simons-matter theory on the left-hand-side.
Time Reversal
There is surprising feature of the basic bosonization dualities, (2.6) and (2.7): one side exhibits manifest time reversal symmetry while the other does not. Time reversal invariance must then arise as a hidden quantum symmetry on the sides of the dualities with dynamical ChernSimons terms.
We can make use of this. We can act with time reversal on both sides of (2.6) and (2.7), flipping the sign of any Chern-Simons and BF couplings This results in two new dulaities. Starting from (2.6), we get
Whereas applying time reversal to (2.7), we get
It was shown in [10, 11] that this hidden time reversal invariance, and the resulting duals (2.8) and (2.9) , is what allows the derivation of particle-vortex duality from bosonization. This feature of the duality web will be explored further in Section 4.
Dualities and RG flow
The partition functions in (2.6) depend on the background gauge field A. This background field couples to the currents which are the easiest operators to identify on both sides of the duality. In general, we would like include sources for all operators but the complete map between the two theories is difficult to determine. In this section, we will conjecture a map between the lowest dimension operators on the two sides. Although this conjecture is somewhat naive, it will help shed light on dual RG flows.
We start with the bosonic side of the duality where there is an alternative way to write the action for a Wilson-Fisher scalar. We introduce an real, auxiliary scalar σ and consider the action for the pair of scalars,
If σ is dynamical, we can integrate it out to take us back to our original action (2.1). In the infra-red, α → ∞ limit, we lose the σ 2 term, leaving σ as a Lagrange multiplier. This motivates us to define the more general partition function
On the level of the partition function, integrating out the dynamical σ recovers the theory for the Wilson-Fisher scalar:
. Alternatively, we could think of σ as a background field, then it plays the role of source for the operator |φ| 2 in Z scalar [A; σ].
With this in mind, let us now return to the question of the map between operators on the two sides of the duality (2.6). We know that the fermion ψ corresponds to a monopole operator in the Chern-Simons theory. The next simplest operator isψψ. A naive guess for the map isψ
A similar map is known to hold in the large N limit of non-Abelian bosonization dualities where further mixing is 1/N suppressed (see, for example, [29, 30] ). However, there is no such protection against further, and likely, operator mixing in Abelian dualities. Nonetheless, below we will assume that map holds and see that it leads to a nice prediction for the RG flow of the dualities.
Before we proceed, there is one obvious objection to the map (2.10). The operatorψψ is odd under parity and time-reversal while one might be tempted to state that the operator σ is even. However, the bosonic theory comes with a Chern-Simons term and, as described above, does not enjoy a manifest parity or time reversal symmetry. For this reason, we cannot easily assign a quantum number to σ. We note, however, that if σ is indeed odd under the quantum symmetry then that ensures that any corrections to the map (2.10) starts at order O(σ 3 ).
Let us look at the consequence of this operator map. We define the partition function for a massive fermion
The more refined version of the duality (2.6) now equates this to
Note that the minus sign in (2.10) ensures that the Hall conductivities agree on both sides. This is given by σ xy = k/2π, where k is the infra-red Chern-Simons level for the background field A. When m < 0, we can integrate out the fermion on the left-hand-side to leave behind a Hall conductivity σ xy = −1/2π. On the bosonic side, the scalar is massive and can be integrated out; subsequently integrating out a reproduces this Hall conductivity. In contrast, when m > 0, integrating out the fermion leaves us with vanishing Hall conductivity, σ xy = 0. The bosonic side mimics this in a rather nice way [6, 9] : integrating out σ causes the scalar fields to condense, breaking the gauge group and leaving us with vanishing Hall conductivity.
The theme of this paper is to derive new dualities from old by promoting background fields to dynamical fields. This method is not restricted only to background gauge fields. Indeed, the technique was originally developed in the context of supersymmetric theories for entire multiplets of background fields [12] . Here we can see what happens when we import this logic and promote the mass m to a dynamical field which we rename µ. The two sides of the duality now become
where we have introduced a new background sourcem. The right-hand side is now a regular scalar, without quartic interactions, coupled to a U (1) 1 Chern-Simons gauge field. Meanwhile, the left-hand-side is the infra-red limit of a Yukawa-type theory, with µ a real auxiliary scalar interacting with the fermion.
There has been quite a lot of work in understanding the fixed point of these fermionscalar theories with Yukawa-type interactions. For large number of flavors, N f , the theory is known to describe a new conformal fixed point, usually referred to as the Gross-Neveu fixed point since it can be thought of as strongly deforming the action by the addition of quartic fermion terms. (See, for example [31] for a discussion of this theory.) However, it remains an outstanding problem to establish the existence of the Gross-Neveu fixed point for a small number of flavors. While recent work utilizing conformal bootstrap in three dimensions has given evidence for the fixed point existing down to N f = 1 [32] , this is still an open area of investigation.
We see that the operator map (2.10), if true, implies a second class of bosonization dualites in which the Gross-Neveu fermion is related to the free scalar. This behaviour is known to occur in large N non-Abelian dualities [29] ; it is less clear if it extends to these Abelian dualities with N f = 1.
If the Gross-Neveu fixed point does exist for N f = 1, it is expected that there is a relevant operator which initiates an RG flow to the free, massless fermion. Relatedly, the free scalar can flow to the Wilson-Fisher fixed point. This suggests the RG flow between dualities is given by
Again, this mimics the situation in large N non-Abelian theories.
More Abelian Duals
In this section, we will derive a class of general Abelian dualities. Specifically, we start from the initial bosonization duality (2.6) without invoking its time-reversed partner (2.8).
Deriving dualities that require both (2.6) and (2.8) will be addressed in Section 4.
We begin by taking N copies of the seed duality (2.6). One side of the duality simply consists of N free fermions with a U (N ) global symmetry, which is broken to U (1) N by the coupling to the background gauge fields A i where i = 1, . . . , N . We choose to gauge U (1) r ⊂ U (1) N of these symmetries. The linear combination of fields is specified by the choice of fermion charges R a i where a = 1, . . . , r and i = 1, . . . , N . We take R a i to have maximal rank. It is useful to also define the orthogonal set of charges S p i with p = 1, . . . , N − r which characterise the remaining global symmetries. These charges obey the constraint
The gauge fields A i are decomposed according to the above splitting as
whereã a are the newly dynamical gauge fields and C p are the remaining background gauge fields. Relatedly, we decompose the U (1) N fermionic currents (J µ ) i =ψ i γ µ ψ i into the gauge currents J a = R a i J i and global currents J p = S p i J p . Note that we are employing the useful compact, but slightly opaque, notation that different objects are distinguished only by the index they carry. The fermionic action then becomes
where we have introduced new background fieldsC a to couple to the topological currents, and defined the mixed Chern-Simons couplings
Spelled out in words, the resulting fermionic theory is:
Theory A: U (1) r gauge theory with N fermions of charge R a i and Chern-Simons levels given by −
Let us see where this same process takes us on the bosonic side of the duality. We start with N copies of the Wilson-Fisher scalars coupled to U (1) N 1 Chern-Simons terms. Note that claimed duality already exhibits a surprising feature: even in the absence of background fields, this theory does not enjoy a manifest U (N ) global symmetry but merely U (1) N topological symmetries.
We perform the same gauging of U (1) r ⊂ U (1) N as on the fermionic side. We similarly decompose the background fields A i as (3.2) and promoteã a to dynamical fields. It is convenient to perform a similar decomposition on the original dynamical gauge fields a i and scalar currents (j µ ) i = iφ i † ∂ µ φ i − i∂ µ φ i † φ i which we write as
Finally, as in the fermionic case, we explicitly decompose the scalar action S scalar [φ; a] into the terms with dependence on the gauge field. We write
where S 0 includes both kinetic terms and quartic couplings, while S int includes the terms linear and quadratic in a i . After this deluge of new notation, our bosonic theory becomes
where, a a , a p andã a are N + r dynamical gauge fields, while C p andC a are N background fields.
The full set of N + r dynamical gauge fields in this theory is overkill. The newly promoted fieldsã a appear linearly in the action and can be integrated out. (There is a caveat to this statement involving flux quantisation which will be addressed below.) This, in turn, places constraints on the fields a a . The upshot is that we are left with a theory possessing a U (1) N −r gauge symmetry. This is a story familiar in the supersymmetric theories [12] and plays out in much the same way here. In detail, the a a andã a equations of motion read respectively * j a + κ ab 2π (f b +f b ) = 0 and
Our assumption that R a i had maximum rank means that κ ab is invertible and so these are solved by
Plugging these back into the action, the S BF [a a ;ã b ] and S BF [C a ;ã b ] terms cancel and we are left with the bosonic theory
In words, this is: 
A Comment on Flux Quantization
The act of integrating out gauge fields using the equations of motion (3.8) appears innocuous enough. And, indeed, for many local, dynamical questions the answers one derives from the bosonic theory (3.9) should coincide with those of the fermionic theory (3.3). However, there is one subtlety that the action (3.9) misses: flux quantisation.
If handed (3.9), one might think that in order to determine the allowed fluxes in Theory B one simply should impose Dirac quantization conditions for the N − r remaining gauge fields. However, this would in general be incorrect, as the equations of motion (3.8) need not be consistent with generic fluxes that are allowed from (3.9).
A similar issue has arisen recently in the discussion of particle-vortex duality where, in order to avoid the Z 2 gauge anomaly (usually called the parity anomaly) one is obliged to restrict fluxes to twice their usual value [17] [18] [19] . Rather than impose this restriction by fiat, it was shown recently that it naturally arises by the addition of a second, auxiliary gauge field with suitable couplings [11] . This is reminiscent of the way that dynamical, emergent gauge fields are needed to correctly describe fractional Hall conductivities. The two different quiver representations of the U (1) 7 gauge theory associated with N = 8. Nodes are U (1) gauge groups, arrows represent matter with charge +1 under the node the arrow points to and -1 under the gauge group it originates from. In the circular quiver on the left the overall U (1) (under which no matter is charged) still needs to be modded out. The circular quiver makes manifest a Z 8 permutation symmetry. The linear quiver on the right hand side only directly displays the 7 independent gauge groups at the price of not making manifest the discrete Z 8 symmetry. We mostly work with the linear quiver representation. This same lesson carries over to the present discussion. We should not impose canonical flux quantisation on (3.9). Instead, when faced with such global questions, we should retreat to the U (1) N +r gauge theory (3.7) where the canonical flux quantization holds,
In contrast, for questions of local dynamics, the U (1) N −r action (3.9) should suffice.
An example: QED 3 with a Chern-Simons Term
As a specific example, consider r = 1 with R 1 i = 1 for i = 1 to N . The fermionic theory is QED with N charged fermions and a Chern-Simons term:
Theory A: U (1) with N f = N fermions and Chern-Simons term at level k = −N/2.
The dual, bosonic theory is a U (1) N −1 quiver theory. The name quiver comes from the mathematical literature and derives from the graphical representations of these theories. The standard picture for this quiver theory is N U (1) gauge groups arranged around a circle with bi-fundamental scalar matter with charge (+1, −1) under neighbouring groups. The matter is neutral under the diagonal U (1), ensuring that the full gauge symmetry is actually U (1) N −1 . This particular pair is a non-supersymmetric version of the very first supersymmetric mirror symmetry proposed in [28] . The graphical representation of this circular quiver for N = 8 is shown in the left panel of figure 1 .
Alternatively, we can describe the theory directly without any redundancy. In this presentation, the dual bosonic theory is: 
The Chern-Simons level is +2 for each gauge group and −1 between neighbouring gauge groups such that the level matrix is given by
Note that k pq coincides with the Cartan matrix of SU (N ).
Our charge matrices can be graphically represented as a linear quiver with open ends. In this case, the first and last matter multiplet are only charged under one of the nodes. For example, consider the N = 8 linear quiver displayed in the right panel of figure 1 . The disadvantage of the linear quiver is that it does not make manifest the explicit Z N symmetry of the original represntation that cyclically permutes the nodes.
We note that a different dual for Theory A was previously conjectured by Aharony [6] . This follows from the proposal
and restricting to N = N f and k = 1. In general, these dualities with N f > 1 are not as well tested as those with a single flavour and some concerns were raised in [22] . However, the particular choice N f = N was recently studied in [23] where compelling evidence was found for the duality, at least in a non-relativistic limit. This suggests that the Theory B described above may itself be equivalent to a non-Abelian bosonic theory It is a simple matter to extend the above discussion to scalar QED. This time, we take r = N − 1 with the scalar charges given by S 1 i = 1 for all i. The bosonic theory then becomes Meanwhile, the fermionic theory is a U (1) N −1 quiver whose matter charges R a i are given by the vectors (3.11). The dual is then Theory A: U (1) N −1 coupled to N fermions with charges (3.11) and Chern-Simons levels − 1 2 κ pq with κ pq given in (3.12).
Once again, there is a different, non-Abelian dual proposed in [6] . This time it follows from the duality:
Restricting to N = 1 and k = N f , this suggests that the Abelian fermionic quiver is equivalent to
Clearly, it would be interesting to understand the extent to which these proposed Abelian and non-Abelian duals are equivalent.
Matching the Operator Spectrum
In order to verify our conjectured duality, we would like to see matching between the operators on the two sides. Both sides of the duality are strongly coupled which means that it is difficult to get a handle on the dimensions of operators. Here, instead, we limit our ambition: we look at the quantum numbers of simple operators on both sides of the duality and check that they match. We will discuss the specific QED dualities described in Section 3.1.
We start with Theory A described in the previous section: QED with N flavors and ChernSimons level −N/2. The theory has an U (1) × SU (N ) global symmetry. The background gauge fields C p couple to the U (1) N −1 ⊂ SU (N ) Cartan subalgebra of the flavour symmetry.
The global U (1) is the topological symmetry and couples to the background fieldC. The basic charged object is a monopole. The coupling in the action (3.3) takes the form −N S BF [ã,C], which tells us that a single monopole carries charge N under this topological symmetry. The properties of monopole operators have been well understood in recent years, starting from the work of [33] ; a particularly detailed account can be found in [34] . The state-operator map means that one can determine the dimension of the monopole operator by considering the energy of the state on S 2 with one unit of magnetic flux. In this background, each of the N electrons has a spinless fermi zero mode. This naively forms a Fock space of dimension 2 N . By charge conjugation, these states are symmetrically spaced around zero. This means that the Fock vacuum |0 has electric charge −N/2, while the state with all zero modes excited has electric charge +N/2. Not all of these 2 N states are physical. The true ground state is dictated by Gauss' law, and this is where the Chern-Simons term plays a key role. When the Chern-Simons term has level k, the ground state of a single monopole must have electric charge k. For us, k = −N/2, and there is a unique monopole ground state which is simply the Fock vacuum |0 without any excited zero modes, which implies that the monopole is an SU (N ) singlet.
In addition to the monopole states, Theory A also has mesons. Clearly there are N (N − 1) of these states, transforming in the anti-symmetric representation of SU (N ). Under the U (1) N −1 Cartan subalgebra, these states have charges (+1, −1) and are neutral under the topological U (1) symmetry.
We now turn to Theory B: the U (1) N −1 bosonic quiver. The theory has manifest U (1) N −1 topological symmetries. The duality tells us that these must be the Cartan sub-algebra of a full SU (N ) symmetry. Theory B also has a U (1) flavour symmetry under which each boson has charge +1. This is mapped to the topological symmetry of Theory A.
As explained above, when talking of flux quantisation it is prudent to work with the U (1) N +1 form of Theory B given in (3.7). Setting background fields to zero, the equations of motion for the gauge fields read * j i + f i 2π +f 2π = 0 and
In this notation, the monopole of Theory A is also a monopole in Theory B, in the sense that f = 2π. We can solve the equations above by setting all f i = 0 and turning on a charge for each current j i . In the language of the U (1) N −1 quiver theory, which we get after integrating outã, this becomes the gauge invariant state formed by the product of all scalars, i φ i . This product state is sometimes referred to as a "baryon" in these Abelian quivers. This is neutral under the U (1) N −1 topological symmetries and carries flavour charge N . These are the same quantum numbers as the monopole in Theory A.
Our next task is to look at f i monopoles in Theory B. We can construct monopole states consistent with Gauss' law constraints above by choosing f j = +1 and f k = −1 for any pair j-k of U (1) fields. These have charges (+1, −1) under the ultimate U (1) N −1 /Z N −1 global symmetry, matching the charges of the mesons in Theory A. The duality predicts that this should be enhanced to a full SU (N ) global symmetry group.
Predictions at Large N As we mentioned above, in general both sides of the duality are strongly coupled and we do not have control over the dimensions of operators. One important exception to this statement is the large N expansion of QED. This has been much studied in recent years [35] [36] [37] [38] . To leading order, the dimension of the QED monopole operator is given by the zero-point energy in this background and evaluates to 0.265N [33] . (This value is independent of the ChernSimons level k as long as |k| ≤ N/2 so that only zero modes are needed to satisfy Gauss' law.)
This operator matching gives interesting predictions for the "baryon" operator in the large N limit of the quiver Theory B. The large number of Abelian gauge group factors is not a standard large N limit, but it would be interesting to see if there is some novel perturbative expansion possible in this theory.
Shifting the Chern-Simons Terms
The dualities described above inherit their Chern-Simons terms from the background, contact interaction of the seed duality (2.6). This means, for example, that the QED theory described in Section 3.1 has Chern-Simons level fixed to be k = −N/2, while the fermionic theory with multiple gauge fields has Chern-Simons levels fixed to be −
. These Chern-Simons levels are, however, not the most general assignments that can be made.
One obvious way to generalize the dualities is to simply add an extra Chern-Simons coupling before gauging. The resulting dual theories are somewhat cumbersome. Nevertheless, it is instructive to see how the procedure changes the dualities. In Section 4, we will find a different way to alter the Chern-Simons coupling which results in more elegant dual theories.
We return to our original discussion of Abelian dualities by taking N copies of (2.6). We decompose the background fields as (3.2) and, before gauging a U (1) r symmetry, we add the Chern-Simons term
with the assumption that l ab is invertible. The result is that the Chern-Simons terms of the U (1) r fermionic theory (3.3) are shifted to
where κ ab is given by (3.4) . In particular, we can now consider the QED theories of Section 3.1 with Chern-Simons coupling k = −N/2 + l.
In the bosonic theory, the U (1) N +r gauge theory described by (3.7) after shifting the Chern-Simons terms becomes
Correspondingly, the equations of motion forã a and a a now read
These are to be contrasted with (3.8) : the extra l abf b term means that the solution to the second equation is no longer simply f b = dC b . Instead, if we try to eliminate both a a and a b using their equations of motion, we find a direct, non-local current-current interactions. Thus, there is no useful dual in terms of the N matter fields coupled to N − r gauge fields.
We can, however, still integrate outã a to obtain a dual description in terms of N gauge fields. We do this by solving the second equation in (3.16) bỹ 17) where l ab is the inverse of l ab . Plugging back into (3.15), we get a theory of N fermions coupled to N dynamical gauge fields a a with action
where K ab = κ ac κ bd l bd .
More Operator matching
With the dual theories modified, we should revisit the matching of quantum numbers of operators. Here we focus on the QED with N flavours with Chern-Simons level k = −N/2+l. For 0 ≤ l ≤ N , the monopole operator can satisfy the Gauss law constraint if we turn on l zero modes. (For l outside this window, we are obliged to also excite non-zero modes.) This means that for l = 1, the monopole transforms in the fundamental representation of the SU (N ) flavour symmetry; for l = 2, it transforms in the anti-symmetric representation; for higher l, it transforms in the l th anti-symmetric representation.
How do these transformation properties manifest themselves in Theory B? In the framework of (3.15) with U (1) N +1 gauge groups, the Gauss' law constraints are now * j i + f i 2π +f 2π = 0 and f i + lf = 0.
We learn that when f = 2π (i.e. the simplest monopole of Theory A), it is not longer consistent to set the f i fluxes to vanish. Instead, we must turn on l f i fluxes. These carry the U (1) N −1 global charges, mimicking the excitations of zero modes that we saw in Theory A. In contrast, the matching of the meson states (withf = 0) is unaffected.
Time Reversal: Even More Abelian Duals
In the previous section, we derived a class of Abelian duals starting from the seed duality
The action of time reversal on this duality is rather special. In the absence of background fields, the left-hand-side manifests time reversal invariance while the right-hand-side does not appear to share this symmetry. If the duality holds, time reversal must appear as a quantum symmetry on the right-hand side. This immediately gives us a second version of the duality,
As explained in [10, 11] , there is some power in using both (4.1) and (4.2) together. In particular, the pair can be used to derive both the original bosonic particle-vortex duality of [14, 15] and the more recently discovered fermionic particle-vortex duality of [17] [18] [19] .
In this section, we will describe a class of dual pairs which arise from combining both forms of the duality. We start by taking N L copies of the duality (4.1), together with N R copies of its time reversed partner (4.2) with N = N L + N R fermions in total.
We now gauge a U (1) r symmetry. As in Section 3, we assign gauge charges R a i to the fermions, where a = 1, . . . , r and i = 1, . . . , N . We again take R a i to have maximal rank. The remaining U (1) N −r global symmetries have the orthogonal charges
The background gauge fields are decomposed as
whereã a are the newly dynamical gauge fields and C p are the remaining background gauge fields. So far our discussion has mirrored that of Section 3. However, when we insert this ansatz into our Lagrangian, the differing contact terms in (4.1) and (4.2) give different ChernSimons terms in the resulting action, which takes the form
As in Section 3, we have introduced gauge currents J a = R a i J i and global currents J p = S p i J i . The Chern-Simons terms are now given by k ab = −κ ab /2 wherē
Here η ij is the diagonal matrix with the first N L entries +1 and the remaining N R entries −1. Similarly, the other couplings in (4.4) arē
Note that this final coefficient was absent in our original derivation (3.3) by virtue of (3.1). Finally, in the last term in (4.4), we chose to couple the background fieldsC a for the U (1) r topological currents through the original combination κ abã b = R a i R b iã b . This is because κ ab is invertible while it is possible thatκ ab has vanishing eigenvalues. The upshot is that we have the fermionic theory Theory A: U (1) r gauge theory with N fermions of charge R a i and Chern-Simons levels given by − 1 2κ
Let's now turn to Theory B. This time, we find it useful to introduce an extra minus sign in our decomposition of the original dynamical gauge fields. Instead of (3.5), we write
Since the Chern-Simons terms on the right-hand-side of (4.1) and (4.2) are quadratic in a i , this extra sign does not affect them. It does, however, change the BF coupling between a i and A i . This has the effect of undoing the sign change that arose from time reversal. We find that the dual bosonic theory is a U (1) N +r gauge theory whose Lagrangian generalises (3.7),
where, a a , a p andã a are N + r dynamical gauge fields, while C p andC a are N background fields. The equations of motion for the a a andã a gauge fields are * j a +κ
Whileκ ab in general is not invertible, κ ab is. The second equation therefore enforces a a =C a , while the first equation allows us to eliminateã a by
Plugging this back into the action, the S BF [a a ;ã b ] and S BF [C a ;ã b ] terms still cancel and we are left with
In words, we have the bosonic theory: 
An Example: QED Again
Returning to our favourite example of QED from Section 3.1, we can immediately see the effects of the above time reversal procedure. We again take r = 1 with R 1 i = 1 for i = 1, . . . , N such that the fermionic theory is now 
where the zero sits on the N th L diagonal element. In particular, in the case N L = N there is no zero on the diagonal, andκ pq reverts to the Cartan matrix (3.12).
Operator Matching: A Puzzle Theory B above offers an elegant dual to QED with modified Chern-Simons levels. It would be nice to match the operator spectrum in the same way that we saw in Section 3.2. Disappointingly, we have been unable to do this. We do not understand the resolution to this issue and leave it as an open problem. Below, we sketch the difficulty in constructing a working dictionary between the dual theories.
Before we proceed, there is a slightly technical issue to address: the presence of theκ ap term in (4.4) means that the C p do not couple solely to the U (1) N −1 ⊂ SU (N ) Cartan currents of the fermionic theory. Instead, these background fields mix with the topological symmetry. In the present case with r = 1, this mixed term isκ 1p = 2δ p,N L . We can always rectify the problem by dividing out by this term and moving it into the bosonic dual. This shifting does not seem to effect the following discussion.
As we have seen previously, the level k of the Chern-Simons term in the fermionic theory dictates the number of fermi zero modes that must be excited in a monopole background. This, in turn, determines the monopole's representation under the SU (N ) flavour symmetry. For k = ±N/2, the monopole is a flavour singlet. This corresponds to N L = 0 or N R = 0 and reduces to the situation described in Section 3.1. In contrast, for −N/2 < k < N/2, the monopole transforms under the SU (N ) flavour group. It sits in the N th R anti-symmetric representation. For example, when N R = 1 is the monopole sits in the N of SU (N ); when N R = N − 1, the monopole sits in theN.
How does this manifest itself in the spectrum of Theory B? As we?ve seen previously, when discussing issues of flux quantisation, it is sensible to retreat to the U (1) N +1 theory (4.6) before integrating out any gauge fields. The Gauss' law constraints in this theory read * j i ± f i 2π ±f 2π = 0 and
where i = 1, . . . , N L terms has the upper + sign, and i = N L + 1, . . . , N comes with the lower − sign. In particular, summing these equations tells us
As we saw before, in this presentation the monopole of Theory A also requires f = 2π in Theory B. However, the monopole inherits flavour charge if the fluxes f i are turned on and nothing above requires this to be the case. It would appear that the solution f i = 0 with currents saturating the constraint (4.9) suffices, but in this case the monopole is a flavour singlet.
As we mentioned above, we do not understand the operator map between the dual theories in this case. Presumably, the map no longer takes the simplest operators on one side to the simplest operators on the other. It would be interesting to understand this better.
Abelian Particle Vortex Dualities
Until now, we have focussed on bosonization dualities that relate fermionic and bosonic theories. However, as shown in [10, 11] , we can also use these to derive boson/boson and fermion/fermion particle-vortex dualities. For bosons, this duality roughly says that U (1) coupled to a complex scalar is equivalent to an ungauged Wilson-Fisher scalar,
For fermions, it says something similar but with a subtlety. Heuristically, one can write the duality as 11) but with the proviso that both a and A only admit even fluxes, so that f and F ∈ 4πZ. A more precise definition of this duality, in which the restriction to even fluxes is implemented by an auxiliary gauge field, was given in [11] .
It is straightforward to apply the techniques of this paper (which are really the techniques of [12] ), taking either (4.10) or (4.11) as a starting point. In fact the absence of Chern-Simons terms makes the manipulations somewhat simpler. In both cases, the result is an equivalence between U (1) r gauge theory with charges R a i and a U (1) N −r gauge theory with charges S p i .
In the case of U (1) with N fermions, the theory has an SU (N ) flavour symmetry. If we put back in the Maxwell term, we can ask what becomes of this symmetry in the infra-red. For a long time, the accepted wisdom was that the symmetry is preserved for N large enough while, for N even and less than some critical value N , the flavour symmetry is expected to break to SU (N/2) × SU (N/2) × U (1). There has been some debate over the value of N . It is usually thought that N ≈ 8. However, this has been questioned in at least two ways recently. First, computations using the monoticity of certain quantities under RG flow suggest that there may actually be a "non-conformal window", with the non-Abelian symmetry restored again for N = 2 [39] . Second, lattice simulations first using Wilson fermions [40] and subsequently overlap fermions [41] have recently suggested that the flavour symmetry is unbroken for all N . An up-to-date and lucid discussion of the current status of these theories can be found in [42] .
This has consequence for the dual theories where only a U (1) N −1 is manifest as topological symmetries. If the flavour symmetry of QED is unbroken in the infra-red, then the topological symmetries of the quiver theory should be enhanced to SU (N ). This kind of non-Abelian symmetry enhancement is well known in supersymmetric mirror symmetries [28] The discussion above holds for the fermionic particle-vortex mirrors. For bosons, the quartic terms in the action (2.1) which drive the theory to the Wilson-Fisher fixed point mean that there is no SU (N ) global symmetry rotating different scalars. However, if the Legendre transform discussed in Section 2.1 is valid, then a similar discussion to that above for fermions holds.
A special example: QED with 2 flavors QED with N = 2 flavors has a particularly nice property: it was conjectured in [43] to be self-dual in the sense that one can exchange the flavour and topological symmetries. This was confirmed in [10] using the kinds of techniques described here. (See also [22] for a subsequent discussion.) There we showed that
where the notationZ denotes the time-reversed partition function. In the first partition function, C couples to the current U (1) ⊂ SU (2) and A is the topological symmetry; in the second partition function their roles are reversed. If the SU (2) flavour symmetry is unbroken in the infra-red, it must be that this theory exhibits an enhanced SU (2) × SU (2) symmetry. This self-duality can be seen as a special case of the general Abelian particle/vortex dualities we described in section 4.2 for N = 2, r = 1, R = (1, 1) and S = (1, −1). The extra sign in the second entry in S can be undone by charge conjugation.
There is one further surprise in this theory observed in [10] : the partition function coincides with that of QED coupled to two scalars. A relationship between these two theories was previously suggested in [44] [45] [46] . Here scalar QED is defined as This theory too is self-dual. In [10] it was shown that
This also follows from the duals derived in Section 4.1.
QED with 2 flavors has recently been argued to remain self-dual when we take the charges to the two flavors to be 1 and k instead of having unit charge for both flavors [47] . This self-duality in fact also nicely falls into our general scheme for the Abelian duals from section 4.2, where this time we take N = 2, r = 1, R = (1, k) and S = (−k, 1). This generalized self-dual pair is particularly interesting as it allows a large k limit in which one has some analytic control over the theory [47] .
